Abstract. We consider a sequence of noncoercive elliptic problems, which are the wave equation in the frequency domain, in a rectangular or cubic domain with an absorbing boundary condition. The elliptic regularity coefficient depends on the frequency, and it has a singularity for both zero and infinite frequency. In this paper we derive an elliptic regularity estimate as the frequency tends to zero and infinity.
Introduction
Consider the scalar wave propagation problem given by One motivation of treating hyperbolic problems like (1.1) in the spacefrequency domain is the effectiveness of parallel computation. Indeed, approximations for u in the space-time domain are obtained sequentially, time step by time step, while it is natural to treat all frequencies for which (1.2) is approximated simultaneously. See [4] , [5] , [8] for a fuller discussion of parallel algorithms for several wave problems.
Assuming that / = f(x, t) is a real-valued function, we notice that u(x, -co) = u(x, co). Therefore, it is sufficient to consider (1.2) for co > 0. For co = 0, (1.2) becomes a Neumann problem and the necessary and sufficient condition for the existence and uniqueness (up to an additive constant) of the solution w(-, 0) is that (1.3) [ f(x,0)dx = 0; Ja (1.3) will be assumed to hold, though the case co -0 will not be of interest in this paper. For co > 0, there exists a unique solution u(-, co) £ HX(Q) for a given /(•, co) £ H~X(Q); see [4] . Denote the solution operator for (1.2) by T(co) : L2(Q) -» H2(Q), so that u(-, co) = T(co)f(-, co). The objective of this paper is to derive precise estimates for elliptic regularity coefficients associated with T(co) for co > 0; in particular, the behavior of these bounds as co approaches zero and infinity is of critical importance in obtaining an error estimate for a finite element approximation for (1.2) and for inverting back to the time domain by the Fourier inversion formula. These estimates are obtained in the following sections for both two-dimensional and three-dimensional cases. We find bounds for u, Vu, and D2u that are meromorphic in co with a pole of order one at co = 0 and one of order three at co = oo . In proving these results we shall use representations in terms of double layer potentials in Lipschitz domains. For the one-dimensional case a complete analysis has been obtained by using Green's function for (1.2); see [5] .
Preliminary estimates
In this section we shall collect some preliminary estimates for the solution of (1.2); these estimates are independent of the dimension of Q. For notational brevity, replace u and f by u and /. Thus, for complex-valued f £ L2(Q), we investigate the behavior of the complex-valued solution u of
for co > 0, where Q = (0, 1)* for N = 2 or 3 , r = dQ, and v denotes the unit outward normal to F.
Standard notation for function spaces will be used. For example, for k a nonnegative integer and p > 1, Wk'"(Q) will denote the usual complex Sobolev space of k times differentiable functions in the complex Lebesgue space LP(Q) and || • ll^*.^) will denote its norm. When p = 2, Wk'2(Q) will be denoted by Hk(Q) and || • ||^*.2(n) by || • |k,n ; II • llo,n always means II • IIl2(£2) • Let Ck'l(Q), for k nonnegative integer and 0 < X < 1 denote the usual Holder space of functions whose kth order derivatives are uniformly Holder continuous with exponent X in Q, and let || • ||c*,a(™ denote its norm. For details of the description of these function spaces, see [1] .
In order to get an H2-estimate for u, we first examine the difference between ||£>2tt||0,ri and ||Aw||0,c. (see also [7] ). Lemma 2.1. Suppose that u £ H2(Q) satisfies the boundary condition (2.1.U).
Then, \\D2u\\o,a < l|A«Ho\n.
Proof. Since the idea of the proof is the same for N = 2 or 3, we give the proof only for N = 3. Before going into the proof, we first introduce some notations. Let r = PuFur, n^ur«, rf = {(x,y, z)eF\z = i},
L/]rc.c = / fdy, for£,C = x,y, z, and/,;'= 0,1.
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It is easy to see that the lemma will be proved if we can show the following three identities: By using these facts, (2.5) then becomes
Jt* = / ico\u\2dy -I \uy\2do. JE*y Jt* The combination of (2.4) and (2.6) gives / UxxUyydxdydz = \\uxy\\l n + co2[\u\2]E* ,y + ico I \uy\2do Ja Jt* -ico j \ux\2d<7.
Jvy
Therefore, / {uxx&yy + uxxuyy}dx dy dz -2 Re < / uxxUyydx dy dz > = l\\uxy\\l,n + 2co2[\u\2]E*.y, for all u £ C3(Q) n H2(Q) satisfying (2.1.ii). This completes the proof.
Next, we are going to derive some identities and inequalities satisfied by u . Remark. Regarding the regularity assumption in the above lemma we make the following remark. It is proved in [4] that for any / e H~X(Q) the problem (2.1) has a unique slution u £ HX(Q). The idea of the proof is to apply the Fredholm Alternative Principle. By using a general regularty result for Laplace equation on convex polygonal domains in [7] , we can show that the solution u belongs to H2(Q) if the nonhomogeneous term / is in L2(Q). IMli.n = ll£2"lliU + l|Vu||0,n + IMIo.n (2.9) <l|A«|lo,n + IIVM|lo,n + ll"llo,n < (4co* + 2co2 + l)||<n + (4^ + 5) H/llo.QThus, the problem of estimating u in H2(Q) is reduced to bounding ||u||q n in terms of \\f\\l n , and this will be done separately for N = 3 and N = 2 in the next two sections.
Estimate for N = 3
Let N = 3. An L2 -estimate for the solution to (2.1) will be established by deriving a representation formula for the solution to (2.1) and using an L2-estimate for the double layer potential on Lipschitz domain due to Coifman, Mcintosh and Meyer [3] . The fundamental solution (with singularity at y) to the Helmholtz operator in (2.1.i), Proof. We shall estimate each term in the right-hand side of (3.3) in order to obtain the desired estimate (3.5). Observe that, for any x £ Q, (3.6) / ,-l-^dy <4n f dr = 4y/3n.
Ja\x-y\2 Jo
We begin with the last term in the right-hand side of (3.3). By the Holder inequality and (3.6), <-^LWxtdxL\^wdx
For the first term in the right-hand side of (3.3) we have a similar estimate. from which we obtain, again using (3.6), the inequality The integrand can be bounded for all t by 1 and by t~2 for t > 1, and the lemma follows immediately.
We now come to our goal of establishing elliptic regularity coefficient estimates for the solution of (2.1). Choose e small enough so that there exist some positive constant a2, such that ii*q<{^"/" §'°' if<"-1, {">2U\\l,a, ifeo>l.
Therefore, l|w||o,n<ao(w-r-w_1)||/||o,£i. This is exactly (3.12.i). (3.12.ii), (3.12.iii) and (3.12.iv) are the immediate consequences of (3.13.i), (2.8.ii), (2.8iv), (2.2) and (2.9). The proof, therefore, is complete.
Estimate for N = 2
In this section we present an analogous study of elliptic regularity for solutions of (2.1) in a square domain in R2. The same method as used in previous section will be employed, but in the two-dimensional case the fundamental solution for the Helmhotz operator, which is given by the Hankel function, has a nonelementary form, this will leads to a more complicated and delicate analysis. Nevertheless, the same estimate is obtained as the one in the three-dimensional case.
The fundamental solution y/(x, y) to the Helmhotz equation (2.1.i) with singularity at y in the two-dimensional case is given by (4.1) V(x,y) = -^H^(co\x-y\),
where H^l\r) denotes the Hankel function of the first kind of order zero. More about the Hankel functions, we refer to [9] and [11] . For this Hankel function there are the following well-known asymptotic expansion results. For the derivation of these asymptotic expansion formulas, see [9] and [11] .
Similar to the three-dimensional case, there holds the following representation lemma. For a proof of Lemma 4.4, we again refer to [3] . We now are ready to state the the following main theorem of this section. Proof. We first notice that the Hankel function H^l\r) and its first order derivative are continuous everywhere except at r = 0. This simple fact and (4.2.iii)-(4.2.iv) then imply that for any 0 < £o < oo there is some positive constant Co , which depends only on So and rx , such that ll-/2|l6^n<8C9(l+w2)|<r. So (4.11) [u(x)d¥{X'y) do(x) <C10(l + w2)|M|2r.
Jt ov o,n The proof of the theorem is complete after combining (4.9), (4.10), (4.11).
We shall conclude this section by stating the following elliptic regularity estimate. Since the idea of the proof is exactly the same as one for Theorem 3.6, we shall only give a brief sketch of the proof. Obviously, for the large frequency co the above inequality is same as one in the three-dimensional case. So the final estimate is same too. For the small frequency co there are two new factors in the right-hand side of the above inequality, one is |<yln<y|2 and the other is |lnw|2. But |wlno)| is small for small co and |lntu| is dominated by |^| for small co, hence the desired estimate is also obtained for small frequency co.
Remarks
The similar estimate for the equations of the motion for elastic and nearly elastic solids in the frequency is proved by one of us (see [6] ). The analysis can also be carried out for the general elliptic problem with fairly reasonable boundary conditions in a domain with piecewise flat boundaries. An essential step is to obtain estimates similar to (3.5) and (4.5). The condition (1.3) is not necessary for the elliptic regularity estimates of Sections 3 and 4.
